The steady state of the two-substance model of light driven carbon turnover for the photosynthetic CO 2 assimilation rate is presented. The model is based on the nonlinear diffusion equation for a single chloroplast in the elliptical geometry by assuming light driven Ribulose-1,5-bisphosphate (RuBP) regeneration and CO 2 assimilation reaction of carboxilation coupled with the photosynthetic sink strength. The detailed analysis of 3 -dimensional CO 2 concentration and flux on the chloroplast level is made. It is shown that under intense light irradiation there exists a boundary layer of chloroplasts with a high value of CO 2 assimilation flux.
Introduction
In the present work we develop the theory for a new description and understanding of the limiting factors of plant photosynthesis and its components in order to develop quantitative analyses of the processes which can be used to predict how illumination conditions within the chloroplast affect carbon assimilation. The aim is to define the light dependent CO 2 diffusion in the chloroplast as limiting factors of carbon assimilation. These analyses are based on simplifications of the model light and dark reactions.
The combination of analysis of dark reaction and CO 2 distribution on the chloroplast level improves the understanding of the dynamics of photosynthetic regulation including the limiting factors or saturation. The potential factors limiting the rate of carbon assimilation in photosynthesis are the intensity distribution of light illumination and CO 2 diffusion in the volume of the chloroplast, which are both taken into account. The photosynthesis process in C 3 -plants is realized by the following subsystems: fast subsystems and slow subsystems. Photosynthesis of assimilates of carbon in C 3 plants takes place primarily in the chloroplast stroma, which contains many metabolites of the Calvin cycle and enzymes. Carbon assimilation is regulated by highly integrated mechanisms which allow the photosynthetic system to maintain its activity at rates appropriate to the demands of and changing conditions within the plant. All these processes are directly or indirectly complex functions of CO 2 concentration, metabolite concentrations and light intensity, which are highly variable and change often rapidly in complex ways.
The rate of CO 2 fixation is determined by the rate of turnover of the Calvin cycle metabolites, to supply the substrates and the conditions in the chloroplast.
This article examines the mechanism of CO 2 assimilation and the associated process of CO 2 diffusion, and how the characteristics of different components in the light reactions interact to achieve such a highly regulated and effective system of assimilate production.
The main idea of the model involved light receptors with two states: the ground and excited state of the photosynthetic mechanism (Nitzan, 1973; Thornley, 1974) . The receptors of the light receiving system are excited by the flow of photons with intensity I to transform the receptors from the ground state to the excited state. The model consists of dynamical aspects of two-stage Thornley's model applying formal chemical kinetics with a known reaction rate constant and stoichiometry taking in to account the CO 2 diffusion process and hence time relaxation processes related to CO 2 transport. According to Thornley's model, the photon energy absorbed by the light receptors is included in an intermediate step of the Calvin cycle to the sucrose synthesis. The spatial distribution of CO 2 inside the chloroplast has to be considered.
The model
Photosynthesis in leaves is accomplished by a chain of chemical and photochemical reactions producing sugar. The main idea of this model is to describe the photosynthesis in the chloroplast as a chain of two reactions.
The structure of the chloroplasts is a membrane encompassing a system of thylakoids packed closely as granum -these granum are connected to each other by lamella. The granum and lamella are immersed in stroma. Light reactions take place in the membrane systems of chloroplasts. ATP and NADPH are synthesized by light energy. Chemical reactions of CO 2 binding take place in the stroma of the chloroplast.
The structure of the model is shown in Fig.1 . Compared with the earlier version (Kaitala et al. 1982 , Giersch, 2003 , two sub-stations of the Calvin cycle are considered, as well as CO 2 diffusion is included at the chloroplast level.
Photosynthetic carbon metabolism is simplified drastically so that only turnover of carbon and inter-conversion of Calvin cycle intermediaries and of ATP (S*-compound) and ADP (S-compound) are considered. The pools of Calvin cycle intermediaries are lumped together, with only the two species, RuBP (Xcompound) and PGA (Y-compound), assumed to exist.
The absorption of light energy in the photosynthetic pigments causes photochemical events in which electrons are transferred along the series of molecules leading to the conversion of low energy compound S to high energy compound S*. The reaction can be expressed as follows:
hν + S → S * where hν is the energy of light quanta. As provided by the well known Z-scheme of electron transport, the equation indicates that the light energy causes electron flow from the donor to acceptor with formation of high energy compound S* from S. This is described as an ordinary reaction but its rate of reaction is assumed to be a function of light intensity. The rate of the light driven reaction may be altered both by changing the light intensity and by light modulation of the concentration of S. The rate of the formation of S* is proportional to the product of the radiant flux density I and the concentration of S.
The X regeneration chain is simplified. It is assumed that Y (trioses) can be directly converted into X (pentoses), and hypothetical compound T provides the output of one carbon atom from the cycle. The following is a general equation for the regeneration reaction. S* + Y  X + S + T The CO 2 acceptor X is regenerated from Y. The role of the reaction is to regenerate X for further CO 2 assimilation. The chemical energy of the S* compound is assumed to be consumed in the course of a complete turnover of reduction cycle S* to S. The energy is expected to be required for the rearrangement of carbon atoms between Y and X, and synthesis of T compound (sugar). It is assumed that the turnover of one CO 2 molecule is included as a stoichiometric factor.
Carbon dioxide assimilation is a cyclic, autocatalytic process introduced by a chain of chemical reactions where X-substance produces Y-substance as follows:
This reaction emphasizes the carbon reduction and cyclic aspects of photosynthesis. The assimilation of CO 2 is described by carbamylation reaction.
This reaction simplifies the complexity of the process.
In the carboxilation reaction catalysed by the enzyme RuBP carboxylaseaxygenase (Rubisco), an acceptor molecule X, ribulose bisphosphate (RuBP) combines with CO 2 , producing Y.
The stoichiometry of the reactions, as mentioned above is
where X (RuBP) consists of 5 carbons atoms and 1 captured carbon atom are combined with Y (PGA) and T (TP). Turnover of X is stoichiometrically coupled to turnover of Y and vice versa. One carbon atom involved in the cycle is fixed in the kind of compound T.
The rate of cycle turnover in the steady state depends on the rates of CO 2 assimilation on enzyme activities, and availability of CO 2 . This approach makes it possible to describe the light driven RuBP regeneration and CO 2 diffusion in chloroplasts. The conditions in the chloroplast which are necessary for the activation of RuBP regeneration depend on CO 2 distribution within the chloroplast.
It is necessary to take into account the spatial distribution of CO 2 inside the chloroplast, as well as that the carbamylation occurs at small CO 2 concentrations.
The presence of RuBP produces binding of Rubisco to form inactive complexes such that the CO 2 assimilation efficiency is reduced. There are factors inhibiting CO 2 assimilation: light and diffusion processes inside the chloroplast.
It can limit the rate of response of CO 2 . This model replaces the Thornley's model and reproduces specific features of the photosynthesis process such as saturation at high light intensities and high CO 2 concentration in chloroplasts as well as sink strength nonlinear dependences on light intensity.
Other factors included are:
1. The rate of light-driven RuBP regeneration depends both on light intensity and rate of biochemical reaction of RuBP regeneration.
2. An obvious generalization of the biochemical reaction of the Calvin cycle is to assume that the rate of CO 2 fixation is proportional to the concentration of X, and the rate of RuBP regeneration is proportional to the light intensity.
3. The chloroplasts homogeneous structure consists of the granum and the lamellas; the thickness of each is omitted.
The concentration of NADP and NADPH
+ is assumed to be large at any moment of time, and the rate of conversion of NADP to NADPH + is large in comparison with the conversion rate of ADP to ATP, because two electrons are required for the generation of one NADPH + . The rate of electron transport required to sustain the necessary NADPH + concentration is more than the rate of ATP production i.e. the production rate per 1 electron. (Kaitala, 1982; Giersch, 1986; Lushnikov et al., 1997; Pettersson et al., 1988.; Massunaga, et al., 2001.) 3. Model analysis
Basic equations
In order to analyze the chloroplast-level model we used the dynamical model of two biochemical processes: light interaction with the molecular species and two substances of reaction with CO 2 (Thornley, 1974 (Thornley, , 1976 Giersch, 1986; Lushnikov, 1997) . CO 2 carboxylation can be limited in two different ways depending on the CO 2 concentration and the irradiance intensity as well the RuBP regeneration-limited rate of net CO 2 . It is supposed that the Rubisco activitylimited rate has a linear dependence on the rate of CO 2 carboxylation at low CO 2 concentrations and on high light intensity. Thus, the Rubisco activity-limited rate is included by implicit linearization in the constants of the model parameters (Lushnikov, 1997) . According to the 3D optical model of photon transport in a leaf (Ustin et al., 2001) , the main part of incident light energy (0.8 I and less, where I is the incident light intensity) is adsorbed by mesofill cells; nearly 100 percent of the rays are absorbed in leaf tissue i.e. within the initial 90 µm of the adaxial leaf surface and the gradient in light absorption of 0.3 and less within the leaf when illuminated at 675 nm, the photochemical reaction of excitation of harvesting light complexes has the linear dependence on I. Thus the photochemical reaction and the net CO 2 assimilation rate can therefore be expressed as the form of two differential equations which can be written as follows (Nitzan, 1973; Kaitala, 1982; Lushnikov, 1997) :
where k I is the photon absorption rate, k Y is the rate constant of RuBP regeneration, S* is the ATP concentration and S is the ADP concentration in the chloroplast. According the reduced photosynthetic cycle shown in Fig.1 , the kinetic equations for the concentration of intermediates are as follows:
where X is the RuBP concentration, Y is the concentration of PGA, 
were X 0 is the total concentration of X and Y intermediates. The kinetics of the CO 2 consumption is described by the diffusion-reaction differential equation:
here ∆ is the Laplas operator, and D is the CO 2 diffusion coefficient . Eqn. (7) is supplemented with the boundary condition:
where c 0 is the constant of concentration of CO 2 on the boundary of the chloroplast and can be derived from the initial condition of CO 2 concentration in the mesophyll (Cooke, 1967; Lushnikov, 1994) , see Table 1 .
The last term of equation (7) describes the sink strength in the form:
The sink strength A was treated as continuous through the chloroplast volume. The dependence of the reaction constant on the concentration is displayed explicitly.
Hence, our task is to find the kinetics of the metabolites X and Y and then the consumption or sink strength of CO 2 . In the following section we adopt the steadystate approach for the stationary solution of the diffusion equation (7). The stationary solution of eqn. (7) is legitimate if any changes in external parameters such as I and CO 2 concentration are much slower than all internal processes eqns.
(2) and (3).
Steady state analysis
The time derivatives of metabolite concentrations X, Y, S and S* vanish and the result of equations (1)- (3), (7) for the steady state is
The steady state metabolite concentrations are thus the solution X and Y of the equations (10)- (12) 
as the internal parameter of the model. The physical interpretation of ξ is the relation of the carboxilation rate to the RuBPregeneration rate. Thus the formulas (13) and (14) (Kaitala, 1982; Hahn, 1984 Hahn, , 1987 Hahn, , 1991 Milstein, 1979; Pettersson, et al. 1988; Poolman, et al. 2000; Milstein, and Bremermann, 1979.) leads to the following necessary limiting conditions of concentration of the intermediates for the steady states ξC/S* >> 1 (a) and ξC/S* << 1 (b), see Table 1 .
In the case (a) the eqns. (15)- (17) and (7) The CO 2 diffusion equation (7) and boundary condition (8) take the nonlinear form
and Σ is the surface of the chloroplast. Combining eqns. (9) and (23) we obtain the simple formulae for the sink strength
The solution of the nonlinear equation of CO 2 diffusion (23) of steady state is most often approached by utilizing the linearization methods which state that the condition for stability of a given solution of a nonlinear differential equation is identical to the solution derived from that equation linearized around the same steady solution (Sveshnikov, 1993) . Defining the variable function:
we have linearized the system of eqns. (23), (24) 
We recover eqns. (29) and (30) 
It has the physical interpretation as an active layer of the chloroplast where the main part of CO 2 is consumed which shows typical light dependent behavior. In the opposite case (b) the eqns. (15)- (17) and (7) 
where 2 *) )( 1 (
The CO 2 diffusion equation (7) and boundary condition (8) 
We have thus shown that under conditions of low light irradiance and low ambient CO 2 concentration the sink strength has the linear dependence on I and it approximates any well known experimental curves of photosynthesis.
Discussion
The model is based on the general assumption of the biology of leaf photosynthesis: (i) the assimilation of CO 2 has increased nonlinearly as a function of the light irradiance intensity, leveling off when photon flux density has reached the saturation point (1000 μ mol quanta m -2 s -1 ). The well defined CO 2 assimilation versus photon flux density is approximated by means of a hyperbola,
(ii) the boundary CO 2 concentration at the saturation level of CO 2 exchange rate is the sub-stomatal CO 2 concentration.
The kinetics of the two substance model with the light dependent CO 2 diffusion was previously described to be confined to the carbon assimilation flux.
The CO 2 flux was examined on the level of one chloroplast and a whole leaf. In the description of the model (eqn. (17) Table 1 corresponding to both high and low values of the boundary CO 2 concentration and the rates of ADP and RuBP production of the CO 2 pathway in the steady state.
The reaction CO 2 assimilation rate in the steady state is saturated with respect to the internal parameter γ, the ratio of ADP and ATP concentration, although ATP is known to be present in the chloroplast as it is increased in high light conditions and consumed by the action of RuBP production. This reaction also lowers ATP concentration by introducing the RuBP regeneration reaction in the following manner: the only reaction of light absorption by chlorophyll molecules or the ATP production is the light reaction (coefficient I k I ) which acts as the effective chemical energy production. Therefore any increase in steady state flux through the RuBP regeneration must be accompanied by an equivalent increase in the CO 2 flux through this reaction, regardless of the mechanism which brings the increase about. However, ADP is also a product of this dark reaction, and so any increase in the ADP leak must also result in an equivalent increase in the production of PGA (see Fig.1 ) and the gradient of CO 2 concentration occurring in the chloroplast, effectively by-passing RuBP. As the calculations were made under light saturation conditions, it is assumed that ATP activity is sufficient to lower the CO 2 concentration, so the CO 2 flux distribution mechanism in the chloroplast should be sought. Such a mechanism is the CO 2 consumption pathway responsible for the synthesis of PGA from RuBP which provides the nonuniform CO 2 flux distribution in the chloroplast volume. As a major effort would be required to include the CO 2 flux distribution into the simplified Calvin cycle, the likely effect of light dependent activity can be investigated at least to a first approximation.
The driving force for the CO 2 diffusion is the concentration gradient corresponding to the rate of the CO 2 assimilation. There is the concentration difference between the surface boundary layer of the chloroplast and the substomatal cavity. Due to the reaction of carboxilation or CO 2 consumption, the gradient of CO 2 concentration inside the boundary layer of the chloroplast is established. It provides the flux of CO 2 from the sub-stomatal cavity to the chloroplast with the effective diffusion coefficient dependent on the intensity of light irradiance.
In order to conduct the numerical simulations, the appropriate values of the rate constants of biochemical and physical quantities have to be determined. Some of these constants are well defined and the overall model is not sensitive to others; the determination of the relation of the rate coefficients is defined by eqns. (17), (18), (36). Table 1 (Kaitala, 1982; Lushnikov, 1997; Milstein and Bremermann, 1979) . The parameters of eqns. (17), (33) and (45), we calculate X, Y e.t.c. using the constant value of intermediates of the Calvin cycle (Lushnikov, 1997; Milstein and Bremermann, 1979) .
The geometric characteristic of the chloroplast are chosen as an ellipse. In order to solve eqns. (31) and (32), finite difference methods were employed as the iterative process for elliptical symmetric shape of the chloroplast illustrated in Fig.   2a ,b. The parameters of the calculation correspond to the case a) of Table 1 .
D=1.7⋅10
-5 sm 2 s -1 -diffusion coefficient of CO 2 in the chloroplast.
The plot of the CO 2 concentration distribution function in the chloroplast due to light driven CO 2 assimilation is shown in Fig.2a as a Table 1 . From Figs 4 a,b, it can be seen that the gradient of CO 2 concentration is not strongly affected by the light irradiation intensity, and the assimilation flux is less by 3 orders of magnitude compared to the case presented in Fig. 3a . Indeed, the boundary condition value of CO 2 density under appropriate low sub-stomatal CO 2 concentration in mesophyll is a particular feature of these results in that the sink strength distribution in the chloroplast slightly depends on light intensity.
Although it is well known to be theoretically possible for CO 2 sink strength values to be quite high this depends on the CO 2 rate of assimilation and the gradient of Table 1 . As far as values of A are concerned, the quantitative agreement between experiment and the model is good (Poolman, 2000) .
Conclusions
The steady-state expressions for photosynthetic CO 2 sink strength considering a two-substance model and incident irradiation driven production rate of high energy compounds coupled with CO 2 transport at the chloroplast level are derived. The two substances of light activation compounds and two intermediates of the CO 2 assimilation cycle are included in the chain of processes for the regeneration of RuBP.
This approach includes simplifications but is physically consistent with the CO 2 diffusion process in chloroplasts and can be utilized when interpreting experimental data on CO 2 assimilation rate. The dependence of CO 2 concentration and flux on the boundary layer and on the surface of the chloroplast on the light flux was a realistic estimation at the high level of incident irradiation.
It is shown that effective CO 2 concentration gradient in the single chloroplast arises from high concentrations of intermediates of the Calvin cycle and metabolites of the light reactions under high level of the incident irradiation.
The results of the modelling also suggest that there are high concentrations of Calvin cycle metabolites in the stroma of the chloroplast. It does indeed occur, as was demonstrated previously (Kaitala, 1982) , at high carbon assimilation rate.
Although the presented model of leaf photosynthesis is significantly simplified it does not mask the role of light and dark reactions in the stroma of the chloroplast and it can be used for the realization of more complicated environmental models. The model can be utilized in the interpretation of CO 2 response measurements in irradiation environment and sucrose production.
The theoretical evidence presented here suggests that light irradiance exerts considerable control over carbon assimilation, ATP production in the Calvin cycle and existence of the gradient of the CO 2 concentration over the volume of the chloroplast. The CO 2 assimilation flux is generally consistent with the modeling results and a comparison suggests that to understand the behavior of the carbon turnover, the influence of the reaction rate generally considered to be part of the Calvin cycle, but known to be present in the chloroplast stroma, must also be taken into account. The theoretical results also suggest that the metabolic pathway described in the model of the Calvin cycle can be employed in constructing the environmental models of carbon assimilation. On the basis of this photosynthesis model, it would be a challenging subject to implement the electron transfer phenomena (Topmanee et al. 2010; Xu et al. 2010; Kim et al. 2010 ) on the excitation dyanamic process of S → S* at the femtosecond level by using the Z- 
